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1. INTRODUCTION 
Ever since their introduction by Solomon Golomb, polyominoes have 
captivated the interest of research and recreational mathematicians. 
Numerous games, puzzles and unsolved problems arise in connection with 
these delightful pieces which are formed by connecting along edges a number 
of unit squares. Of greatest renown are the twelve pentominoes,l depicted 
in Figure 1, labelled by their familiar codenames. 
In this paper, we consider a problem in which polyominoes are placed on 
checkerboards composed also of unit squares. The checkerboards need not 
be the standard 8 x 8. In fact, we are mainly interested in the infinite 
checkerboard. It is assumed that when a polyomino is placed on a checker- 
board, each square of the polyomino covers exactly one square of the 
checkerboard. 
l PENTOMINOES is a registered trademark of Solomon G. Golomb. 
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2. THE “BLOCKING" PROBLEM 
The problem we are considering was raised by Golomb [l] in his classic 
book “Polyominoes”: For a given polyomino A, what is the least number 
b(m, n; A) of monominoes that can be placed on an m x n checkerboard so 
that A can no longer be fitted onto the board? Figure 2 shows that 
b(4,4; V) < 4. Upper bounds are obtained by explicit constructions while 
lower bounds require exhaustive analysis or combinatorial argument. 
EM 
FIGURE 2 
We list below some simple properties of the function b(m, n; A): 
b(m, n; A) > b(m, n; B) if ACB, (1) 
b(m, n; A) = b(n, m; A), (2) 
b(m + 1, n; A) 2 b(m, n; A), (3) 
b(km, n; A) 3 k * b(m, n; A), (4) 
lim b(n, n; 4 
n2 
exists. “+m 
Property (5) may be derived from the following more general result, 
which is adapted from an argument used by Fekete [2]. 
TJSEOREM 1. Iff(n) is a function on integral values satisfyingf(n + 1) 3 
f(n) undf(kn) > k”f(n), then 
exists. 
Prooj Let 
a=li,ffi. 
n-tm n2 
Then for any given E > 0, there exists q such that f(q)/q2 > o( - ~12. 
Writen=kq+r,O,(r<q-l.Then, 
f(n) = f&q + 4 2 f(k) 2 W(q) 
> k2q2(a: - c/2) = (n” - 2rn + r2)(01 - e/2). 
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Hence f(n)/n” > a - E for it sufficiently large, so that the required limit 
exists. 1 
Property (5) indicates that 
is well-defined. B(A) may be regarded as the minimal density of monominoes 
on an infinite checkerboard onto which A cannot be fitted. 
3. A CASE STUDY 
In [l], Golomb stated that B(Z) = B(X) = l/5, B(V) = B(Z) = l/3 and 
B(A) = l/4 for all other pentominoes A. Constructions were given to 
justify the upper bounds. The values for I and X are exact, since these 
pentominoes tile the plane, and we must use a monomino in each copy. For 
A = L, N, P, U or Y, Golomb noted that b(2,4; A) = 2, so that the values 
are also exact. Complete proofs on the infinite checkerboard for the pentii- 
minoes F, T, V, W and Z were not given. 
We are able to verify Golomb’s statements about the pentominoes F, T, 
Wand 2. We shall give a sketch of the proofs in the Appendix. 
FIGURE 3 
Figure 3 shows that B(V) < 4/13 < l/3. Unfortunately, we are unable to 
determine the exact value, even though we feel that 4/13 is the correct answer. 
The best previous lower bound, contained implicitly in [l], is B(V) 3 l/4. 
This we are able to improve. 
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FIGURE 4 
Consider the 1Csquare region R of Figure 4. We shall show that 4 mono- 
minoes are required to block V off a copy of R. Since R tiles the plane, 
it is clear that B(V) > 2/7. 
FIGURE 5 
Consider an arrangement of monominoes on R which blocks off V. If two 
or more monominoes are placed on the four central squares of R, clearly 
two more will be required. Figure 5 depicts the cases where the center 
contains zero or one (with two nonequivalent placements). In each case, a 
monomino must be on one square of each set with the same label. It is 
observed that less than four monominoes will not be adequate. 
We remark that it is not essential that R tiles the plane, as the following 
more general result could have been appealed to. 
THEOREM 2. Let A be a polyomino. Let R be a region of n squares such 
that t monominoes are required to block A oflR. Then B(A) > t/n. 
ProoJ Consider an m x m board where m > 2n. Choose b(m, m; A) 
monominoes which block A from this board. Divide the board into a central 
(m - 2n) x (m - 2n) portion and a border of width n. 
Let a fixed but arbitrary orientation of R be chosen and let a fixed but 
arbitrary square in R be marked. Place (m - 2n)2 copies of R in the chosen 
orientation on the board such that each square of the central portion of the 
board is covered by the marked square of exactly one copy of R. Now every 
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copy of R lies entirely on the board, and must cover at least t monominoes. 
Since each monomino is covered at most n times, this yields t(m - 2n)2 < 
n . b(m, m; A) and hence B(A) 3 t/n. 1 
4. RECTANGULAR POLYOMINOES 
The study of higher-order polyominoes is a prohibitive task as their 
number proliferates rapidly. Consequently, we shall restrict our attention to 
rectangular polyominoes and if A is an i x j rectangle, we shall rewrite 
b(m, n; A) and B(A) as b(m, n; i,j) and B(i,j) respectively. 
We list below some simple properties of the function B(i,j): 
B(G) = XL 9, (6) 
W + Lj) < WA, (7) 
B(ki, kj) < B(i,j)/k2. (8) 
Note the duality of properties (7) and (8) with property (3) and the relation 
b(km, kn; A) 2 k2b(m, n; A) which follows from property (4) in Section 2. 
Properties (6) and (7) being easy, we shall only sketch a proof of (8). 
Consider two infinite checkerboards C and C’. On C place monominoes 
with density B(i,j) to block off i x j rectangles. Divide c’ into regions 
which are k x k squares and map the squares of C one-one onto the regions 
of C’ canonically. On each region of C’ that is the image of a square of C 
occupied by a monomino, place a monomino on an arbitrary common 
location. It is easy to see that this arrangement on C’ blocks off (ki) x (kj) 
rectangles, and property (8) follows. 
We are able to determine B(i,j) for infinitely many cases. Our starting 
point is the observation that B(l,j) = l/j. The lower bound is trivial as in 
general B(i,j) 3 l/g. The upper bound for the case j = 5 is illustrated in 
FIGWE 6 
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Figure 6, and the construction is easily generalized for arbitrary j. It then 
follows from property (8) that B(i, ij) = l/i”j. 
We obtain upper bounds for two specific classes of rectangles. In each case, 
the squares to be occupied by monominoes are linked by moves of what may 
termed a generalized semi-blind knight. The knight moves x squares horizon- 
tally or vertically, makes a ninety-degree left-turn and moves another y 
squares. 
FIGURE 7 
Figure 7 illustrates the case B(3,4). In general, to block off i x (i + 1) 
rectangles, the semi-blind knight moves with x = i and y = 1. Simple 
observation shows that B(i, i + 1) ,< l/(i2 + 1). Figure 8 illustrates the 
case B(3, 5). In general, to block off i x (2i - 1) rectangles, the semi-blind 
knight moves with x = i and y = i - 1. The upper bound here is 
B(i, 2i - 1) < 1/(2i2 - 2i + 1). We conjecture that both bounds are sharp. 
Similar constructions lead to bounds for other classes of rectangles. 
FIGURE 8 
When i = 2, both the above bounds give B(2, 3) < l/5. We shall prove 
that indeed B(2, 3) = l/5. To do this, we return to a finite checkerboard. 
THEOREM 3. b(5, n; 2, 3) = n - 1. 
ProoJ Figure 9 illustrates the upper bound for an odd case and an even 
case, and in both cases the construction is easily generalized. 
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FIGURE 9 
To prove that b(5, n; 2,3) > n - 1, consider a 5 x PZ checkerboard with 
b(5, n; 2, 3) monominoes placed on it to block off 2 x 3 rectangles. Divide 
the checkerboard into 5 x 1 sections across its width. We say that a section 
is of type A, B or C if it contains respectively 0, 1 or more monominoes. 
The checkerboard can now be represented by a sequence Q of A’s, B’s and c’s 
Let a, b and c denote respectively the numbers of A’S, B’s and C’s in Q. We 
shall show that a < c + 1 so that b(5, n; 2,3) 3 b + 2c 3 a + b + 
C--l=n-1. 
It is easy to see that Q does not contain the following combinations: 
(i) two consecutive A’s; 
(ii) a sequence of consecutive B’s flanked by two A’s, 
The B’s in Q partition the sequence into blocks of consecutive terms 
consisting of A’s and C’s only. Let a(K) and c(K) denote respectively the 
numbers of A’s and C’s in a block K. The block is said to be of type A*, B* 
or C* if respectively a(K) > c(K), a(K) = c(K) or a(K) < c(K). We observe 
by (i) that a(K) = c(K) + 1 for a block of type A*. 
It is easy to see that in order to have a > c + 1, we need at least one 
sequence Kl , K, ,..., Kt of consecutive blocks such that Kl and Kt are of type 
A* and the rest of type B*. By (i), the first term and the last term of a block 
of type A* must be A’s, while if the first term of a block of type B* is a C, 
then its last term must be an A. 
It follows that the last term of Kl is an A. For each succeeding block, it 
fohows from (ii) that its first term must be a C. However, if Kt were to be of 
type A*, its first term must be an A. This is impossible and the Theorem 
follows. 1 
From Theorem 3, we have 
b(5n, 5n; 2, 3) > n . b(5, 5~2; 2,3) = n(5n - 1). 
Hence, 
B(2 3) = lim b(‘n, 5’; 2, 3) > lim 5” - n 1 2 n+a 25$ ’ n+m r = 3 ’ 
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TABLE I 
i 1 2 3 4 5 6 7 8 9 
1 112 l/3 114 If5 116 l/7 l/8 119 
- l/4 l/5 118 l/l2 l/16 
- - 119 (l/lo) u/w l/18 l/27 
- - - l/16 U/17) u/w l/32 
- - - l/25 (UN (l/41) 
- - - - - l/36 (l/37) 
- - - - - - 1149 Uf50) 
- - - If@ (l/65) 
- - - - - - - l/81 
Table I summarizes our results (for 1 < i <‘j < 9) on the function 
B(i,j). Bracketed values are upper bounds. Bounds for entries left blank 
may be deudced from adjacent entries. 
5. RELATED PROBLEMS 
The blocking problem on the infinite checkerboard leaves a lot of questions 
unanswered. There is the remaining case B(V) in the study of the pentominoes. 
Exact expression for B(i,j) may be difficult but general bounds may be 
obtainable. Finally, there is the ultimate goal of the study of non-rectangular 
polyominoes. 
On a finite checkerboard, complication arises on the boundary of the 
board, where some measure of economy may be effected. However, explicit 
expressions for b(m, n; A) for specific polyominoes may be obtainable (as 
in Theorem 3). The determination of b(17, 22; 3, 5), which incidentally is 
equal to 24, has been posed in the Canadian journal Eureka/Crux Mathema- 
ticorum, and other values of b(m, n; 3, 5) are found. It appears, however, 
that a lot of ad hoc arguments would be required. 
The blocking problem may be generalized in many ways. So far, we have 
only considered blocking by monominoes against other polyominoes. The 
following related problems come immediately to mind: 
(A) Given a polyomino A, is it possible to block off monominoes by 
non-overlapping copies of A? In other words, can we cover the checkerboard 
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by copies of A? Equivalently, can we pack the checkerboard with copies of A? 
See for example [3]. 
(B) If the task in (A) is impossible, what is the largest number of 
copies of A that can be fitted onto a checkerboard? 
(C) If the task in (A) is impossible, what is the least number of copies, 
some of which will overlap, that can block the monominoes off? 
(D) Given a polyomino A, what is the least number of non-overlapping 
copies of A that can be placed on a checkerboard so that no more copies of A 
may be fitted onto the board? This number furnishes a lower bound for our 
function b, with equality occurring occasionally. See for example [4] and [5]. 
(E) Let H and K be two sets of polyominoes, not necessarily disjoint 
or distinct. What is the smallest number of squares of a checkerboard that 
can be covered by non-overlapping copies of polyominoes in H so that no 
polyominoes in K may be fitted onto the board? See for example [6]. 
These problems may be related to graph theory in the following way. Let a 
set of squares on the checkerboard which forms a polyomino under con- 
sideration be a vertex of our graph. Two vertices are joined by an edge if the 
sets of squares they represent are not disjoint. Then problem (B) asks for a 
maximal independent set of vertices while problem (D) asks for a minimal 
dominating independent set. For related problems on these concepts see [7]. 
Finally, we construct a hypergraph as follows: Let the squares of the 
checkerboard be vertices. A set of vertices forms an edge if the squares they 
represent forms a polyomino under consideration. Then problem (C) asks 
for a minimal spanning subgraph while our blocking problem asks for a 
minimal set of vertices which represents every edge of the hypergraph. 
For further references on polyominoes, see [8, 9, IO]. 
APPENDIX 
We give a sketch of the proof that B(W) = B(T) = B(F) = l/4 and 
B(Z) = l/3. For the pentomino IV, consider a 4 x n checkerboard with 
n > 3. We use the procedure as well as the terminology in the proof of 
Theorem 3 to show that 
b(4, n; W) = n - 1. 
The upper bound is easy to see. 
(?a 
The sequence Q for W satisfies condition (ii). If it also satisfies condition (i), 
(#) will follow. Hence, we may assume that Q contains two consecutive A’s, 
We shall obtain a reduced sequence which satisfies conditions (i) and (ii) by 
removing terms from Q without adversely affecting (#). 
582428/I-2 
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If the two A’s appear in the middle of the sequence, it is easy to see that 
they are flanked on both sides by solid columns of four monominoes. 
Clearly, we can remove the two A’s as well as one of those solid columns 
without causing problems. Similar considerations apply when the A’s are at 
one end of the sequence. This completes the proof of (#). 
The proofs that b(4, n; T) = b(4, n; F) = y1 - 2 for n 3 2 are similar but 
slightly more complicated. Their sequence Q may not satisfy condition (i), 
but this may be remedied by reduction as above. Q may also violate con- 
dition (ii), but essentially once, accounting for the value y1 - 2. Between two 
instances of violation of condition (ii), it is not difficult to check that there 
exists a C which consists of at least three monominoes, thereby neutralizing 
one instance of violation. That B(T) = B(I;) = l/4 then follows. 
Finally, consideration of a 6 x IZ rather than a 3 x n board is necessary 
for proving B(Z) = l/3. The details are more complicated as an A may 
consist of 0 or 1 monomino, but the argument is still the same. It can be 
proved that b(6, n; 2) = 2n - 4 for n 3 2. 
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